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Abstract—Two ncw variational functionals arc introduced for buckling analysis of cylindrical
shells. In the first, admissible functions satisfy all the equilibrium equations and the Euler-Lagrange
equations emerge as a set of compatibility equations. In this sense this procedure complements the
well known minimum potential cnergy method. In the second, the transverse cquilibrium and
membrane compatibility requirements are satisfied by the admissible functions and the system
equations emerge as a set of membrane equilibrium and transverse compatibility equations. This
formulation can be considered as complementary to Von Karman’s well known method. The new
functionals are used to obtain solutions for 2 classic examples.

1. INTRODUCTION

In the theory of elasticity variational formulations have provided not only a unifying point
of view but they also have facilitated the development of many approximate methods of
analysis. In the small deformation theory, a number of interrelated variational functionals
have been developed and an excellent discussion of these can be found in the text
“Variational Methods in Elasticity and Plasticity—Washizu, 1968"". For problems of large
deformation analysis invariably the principle of minimum potential energy has been
employed for development of approximate methods of analysis and the development of
other variational functionals has not received extensive attention.

The large deflection analysis of thin circular cylinders is of considerable technical
importance in view of the extensive use of such cylinders in engineering structures. In Ref.
[1], four variational formulations for large deformation analysis of thin cylindrical shells
were examined for purposes of developing approximate methods of analysis. Of these the
first two are well known namely *“minimum potential energy” and “Von-Karman”
formulations, the remaining two are complementary to these formulations.

In this paper, the two new functionals derived in [1], namely the complementary energy
and the complementary Von Karman functionals, are linearized and thereby the corre-
sponding functionals for the linear buckling analysis of circular cylinders are obtained. The
application of these functionals is illustrated through some simple examples.

2. BASIC EQUATIONS
For the circular cylindrical shell theory which is of concern to us here, the essential
equations may be written as follows:
Strain, curvatures-displacements relations

{¢} =[DYu} +4W){W}.+ W{R)}

{K}={W}. @.1)
Equilibrium equations
[DY{N}=0
{LY{M}+ (W) — {RID{N} = - 5. 22

tThe results presented herc were obtained in the course of research sponsored by the Natural Sciences and
Enginccring Rescarch Council of Canada, Grant No. A-1628.
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Constitutive equations

{N} = C[Cl{c}. {M} = - D[C}{x} @3)

where

R
®y=[o z o} We[Wa gWe zwa]  eo
o, o0 | [w, o ]
L1=|0 =l |0 Wl |-
_7113'6% %éa}_ _%W"’ Wa |
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{M}T=[M.t.\' MOG Mxﬂ]’ {N}T=[Nxx NBO Nxa]

I v 0
_E __ ER
[Cl=v 10 LC=a—5P=5r0
0 0 2(1-v)

and various symbols have their conventional meanings.

A lucid account of the derivation of above equations and their inherent simplifying
assumption can be found in Ref.[5,6]. If along parts of circular cylindrical shell’s
boundary, denoted by s,, kinematic conditions are prescribed and along the remaining part
s,, force quantities are specified, then the boundary conditions of the shell may be stated
as follows

Along s,
{u}={a}, (W)= {#}o (2.5)
Along s,
{N}={N}o {V}e={V}s (2.6)
where
(Vi =[-V. M.L {N}L =[N, Nal
(Wiri=(w Ww,] 2.7
and
V.= %M,g_g +M_,  +N W, + _I%N“’W"" (2.8)

In the light of above equations we now examine some variational formulations.
For thin circular cylindrical shells the minimum potential energy functional is given by
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[
m,= L<g{e}7IC]{€} +Zeciix) - ﬁW>dA
+L<Whmm,4ny@»¢. @9)

In eqn (2.9) the first integral accounts for the strain energy of the cylindrical shell and
the work of the prescribed distributed load p whereas the second integral accounts for the
work of the forces prescribed along s,.

For the minimum potential energy principle, the admissible strains {¢} and curvatures
{x} must satisfy certain compatibility conditions to ensure that the associated displacement
fields are continuous and single valued. These admissibility conditions will be satisfied
identically if strains and curvatures, entering eqns (2.9), are derived from the displacement
fields via eqns (2.1). Furthermore, the admissibility conditions for the I1, require that the
displacements satisfy the kinematic boundary conditions in eqn (2.5).

3. STABILITY OF CIRCULAR CYLINDRICAL SHELLS

In order to obtain the stability condition of circular cylindrical shells we consider some
equilibrium positions in the neighborhood of an initial equilibrium position. To this end
we express the displacement, the moments and the membrane forces in two parts, as
follows:

{u} ={ulo+{u}, W=W,+ W, G.0)
{N}={N}o+ {N}h, (M} = {M},+{M}, (3.2)

where {u}, and W, are the displacements corresponding to the initial position while {u},
and W, are the incremental displacements. {N}, and {M}, are also defined as the initial
membrane forces and moments while {N}, and {M}, denote the incremental quantities.

Using the definitions (3.2) in the equilibrium equations (2.2) and eliminating the
nonlinear quantities we obtain

Equilibrium equations
[DY{N}, =0

{L}{M}, + {N}o{W}..— {R}{N},=0 (3.3)

where we have presumed {W,}, are negligibly small and the initial force field {N}, and
{M}, are in self-equilibrium, i.c.

[D]T{N}o =0
{L}Y{M}o—{R}{N}o= —p. (3.4)

If we substitute the definitions (3.1) into the kinematical relations (2.1) and assume that
{W,}.. is negligibly small, we obtain

{eh={e}o+{ch
{rchi={rx}o+{xh 3.5
where

{e}o=[Du}o+ Wo{R}, {e}, = [DY{u}, + Wi{R}
{x}o={Wo}.o {xh={W}. (3.6)
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Using the constitutive equations

{N}o=CICHe}o, {M}o= — D[C{x},
{N}i=CIC){c}i, {M}, = — D[Cl{«}, 3.7)

the potential energy functional may be expressed as follows:
M,=T"+11"+11] (3.8)
0 C D R
= 7{6 }oTCKe}o + -E{K}OT[C]{x}o — W, Yd4
A
+ [ APRH. - (Bl o

= [ (clecieh+ DiCHlA + [ (Eiw),

L

+{PHAWolo — {N )8} — (N} {u)o)ds

( 1
(FNCHel+ FOehTCH, + UML) o
+ [ arpmy - s
The variation of IT, can now be written as follows;
ST =611, + 6112 =0

since 611, =0.

In 811,' the area integral is the variation in the strain energy of the shell at the initial
equilibrium position resulting from the incremental displacements 6 { }, and W,, and the
boundary integral is the work done by the surface forces at the initial position of
equilibrium (through the same incremental displacement). Hence since the position of the
shell, which is characterized by the displacements {u }, and W, is a position of equilibrium
we have

oM,'=0 3.1
which is merely the mathematical formulation of the principle of virtual displacements at
the first of the two positions of equilibrium (see Novozhilov([7]).

Furthermore, using (3.11) in (3.10) we obtain

o2 =0. (3.12)

This is the variational formulation of the problem of elastic stability.

The complementary energy functional I1? can now be easily derived from I1,? by
following the development outlined in Ref. [1}. If we do so, we obtain

XM, N, W) = L<§%{N}’IC}"{N} + 55 {MYICI (M} + S WYV W}_,>dA

- j AP)IW), — (N} ) )ds - f V)T = {PYD W
—({N}," = {N}D{u},)ds (3.13)
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where ¥, in {V}, is the effective shear given by

2 i
Vi=2Mas+ Mot NuW o+ —R-N&W,e. (3.14)

For the sake of simplicity we have dropped the subscript 1 for the incremental quantities.
The moments {M}, membrane forces {N} and W are to be varied in such a manner as
to satisfy the equilibrium equations (3.3). To this end, let

{N}={¢}.0 {M}=[D){U} - W{N}+ ¢{R} (3.15)

where ¢ is the Airy stress function and {U}" = [U, V] are the Southwell stress functions{8],
and

1 1
{¢ }.Trx = ["RT; ¢.00 ¢.xx - ﬁ ¢,xo]

_ 12 -
L 7
[D]= 2 0 . (3.16)
dx
10 198
L "2R30  20x-

In terms of the stress functions, I1.> may be expressed as

AU, ., W) = = [ Fe{6}dCT {6}t 35000}
~ W{N)o+ $ (RDICI" DNV} - W{N}y + 6{R)
+HWENGP, > da - [ (1707,

— {8} T{ayds - j RCGISIGRTON
—({¢}.7 = {N}.D{u})ds 317

where

1/1
-(EU,,+N§,W) -¢,
K}

{vl,=| R (3.18)

1 0 1
From the variation of T we obtain the following Euler-Lagrange equations:

In the domain

i 2 1
o¢: Eiﬁxxm - ;‘?‘w.xe + €pg e — Exxx =0

1
sU: —ﬁx,@.9+xw',=0

1
8V -E)c,,,a-x,g,,30 (3-19)

EWIN‘;,‘(K“'— W.xx)'}’zNg,’(Kxg—%Wd)"”N%(Km“%wvas)zﬁ,
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Equation (3.16) wili be recognised as the compatibility conditions for circular cylindrical
shells. The corresponding cxpressions along the boundaries of the cylinder are not given
here for the sake of brevity (see [1]).

Next consider a procedure which complements Von Karman’s formulation. The
corresponding functional denoted, by I, (i.e. second mixed functional) can be derived
from I1,? by a procedure outlined in Ref. [1]. The resulting functional takes the form

1

(e, M, W) = j( YICHe) ~ 3 UWVINU W) = 5 (M)

[€1-{M} - W{R}T{N}>dA
- f (VLT = (P W+ (W} T{u) yds (3.20)
- f “{ V1T{W}, ds.

Now let us satisfy the transverse equilibrium equations identically. To this end we write
the moments {M} in terms of some stress functions {U} and transverse displacements W
as well as a new set of variables defined below:

{M}=[D,}{U}- W{N}o-l-{a} (3.21)
where
i N_‘l,‘-1 i CI;V u, dx B
{N}oz Ny |, {a}= Cfugdé? (3.22)
0 1C
_Nxo_‘ LZRJdeXdG

Using the kinematical relations (3.6), and the definition (3.21) in (3.20), we now express
the functional I3, as follows:

1

M, (u, U, W)= L<§2-([D}{u} + W{R)TICKIDHx) + W(R) — ~=(D}U}

= W{N}+ {&)TICT (DU} - W{N}o+ {2})
!

- LWLV - W{RY },x>dA - J (VLT (3.23)

S

~ PO+ (R fu)> - [ (V7P as

where
1 W
{a}§=[0 Vux’x'f"'k‘“g,g'{"ﬁ 0}
1 Cv C
Vo= — U~ R(N° W)o+ zu +R2Jlex (3.24)
in {V},.

From the variation of I3, we obtain
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In the domain A

1 Cv
ou: N .+ -RNXO'O + T(J;Cu dx — WJ) =0
1
6“02 Nxﬂ.x + ’R’Nw'o + C(J'Kog de Rz ) 0

OW: Nk — W)+ 2N2,<K,,, - %WJ,)

+N2,<x,,—7;—,w,,)+%(.”x,,dx de —%W)=O

1
6U: —K”.x"‘ixxg_g:o
1
oV — 'Ekxx‘g + Kegx = 0. (3.25)

In eqns (3.25) we have the membrane equilibrium equations and the transverse com-
patibility equations. These are complementary to the Euler-Lagrange equations one
obtains from Von Karman’s formulation. It is worth noting that in (3.25) the coupling
between the transverse and the membrane actions is imposed via some integrals which have
a global, rather than a local character. In the next section we illustrate the use of I, and
I1,,,, for computation of buckling loads.

4. SOME ILLUSTRATIVE EXAMPLES

As a first illustrative example for the present two formulations, complementary and
mixed I, consider the classical buckling analysis of a simply supported cylinder under
uniform axial load.

(i) The complementary formulation
For this case, it is customary to assume

N% = —N,N%=0,N%=0. @&.1)

The moments {M} in terms of the stress functions U, ¥ and ¢, and W take the following
form

1 1 1
Mxx=_l/-0+NW+—¢’N"X=F¢'”,M”= UJ

R
1
N()l)=¢.xn Mx0= —E(Ruo x>a Nxﬂ"'_¢xﬂ (4-2)
We now choose
¢ =PBsinAx, U=p,cosdx, V=P, W =pfsinix 4.3)
where
A =-’-”En, m=1,2,

By using these functions in the functional (3.17) we obtain

1

leﬂ.N

R C/l 00 0 B
=[B B B 12 AN 0 0 0 B | 4.4)

sym N? 0 0 D -vHAN B
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It remains to extremise the above form of I1.* with respect to 8, B, and B, to obtain the
following non-conventional eigenvalue equation for N.

1 D v, N

— — 4 —— ——
s+ 2= LB 0 0 0 8,
AN || B | 0 0 B, (4.5)
sym N? Bs sym D(1-v)A*N || B,
or
4
Nz—]——D—-—ﬂ =ND(] _VZ)AZﬂ‘- (46)
- .4
Al

The eigenvalue N may be cancelled from both sides of the equation but, in so doing, we
tacitly agree to discount zero and infinite values for N.

Finally, the critical value of N is obtained as
4.7
(ii) Mixed formulation II

In this case we know that W is independent of 0. Thus, for the moments in (3.21) we
write the following forms

1 Cv C
M“=§K°+—Efu‘dx +ijw dxdx + NW

My=U,+C f us 6 (4.8)

1/1
M = —E(EUJ;"‘ V,)

Considering the boundary conditions and using the constitutive equations, (4.8) becomes

M,, [ B+ ( Fz%)ﬂ;:l sin Ax
Mg = — AB,sin ix 4.9)
Mg=0
where we have taken
= ficos ix, uy=p,, W =fysinix,
U=pf,cosix, V=4, (4.10)

Using eqns (4.9) and (4.10) in the functional I1%,, we obtain

1 1
=R [ 2o 2

2rnRL(C 1
X[M,ztx+M12}0_ZVMxxM”]}dxd0= 7[4 { [lzﬂl RZ 3]

1 1 Cv 2
+ EN)-zﬂzz - m[(ﬁﬂ' — NB;— ‘ﬁiﬂs)

+ 287+ 218 b+ W= ) || @i
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Extemization of this functional in eqn (4.11) yields

C¥? Cv C C
2 2 _ = _ —_—y2=
(1 -v)DCA* — T Rl(N R2}.2> V'R
C C C

sym — il 4.12)

from the determinant, (or on eliminating #, and g,) we find

(N (1 —v)DA?
Rw) c
—G By = (N -7 Az)(l —v2)Di2g, (4.13)
+ DA

R}}?

from which we obtain once again

Eh
N=Di*+ R’A’ 4.19)
It will be noted that results from the two formulations are coincident. This is because in
both cases the exact solution is obtained. For loadings and boundary conditions for which
exact admissible functions cannot be obtained, one will obtain different approximate
solutions for the buckling loads and eigenmodes, for the two procedures.

For the second example, we consider a simply supported cylinder under uniform lateral
pressure.

(i) The complementary formulation
In this case
N, =0,N% Np=—N (4.15)

and we choose the stress functions U, V, and ¢ and the displacement W as follows:

U =p,cos Ax sinnf, W = B,;sinAx sinn6,
V =B,sin ix cosn 8, ¢ = B,sin Ax sinn 6. (4.16)

Using the expressions (4.16) in (3.15) and substituting them into I1,2 in (3.17), after some
manipulations we obtain

RL 1 1
neé= - KT-Z_(—I—ZVZ_)D{_I?(B‘ — npy) + (NB, — 28,)’
2
~ R B B8~ 18+ 52+ 48] @)

D/ n? 2 n
+ E(’R_Z + A’) Bi-(1- v’)DFNBf}-

The extremisation yields

l+vn? 1—vin A
2 —_ —
At TR 3 R AN R
nt l+v., n n
Bt 4 RN '
—(1—v’)D—-N+N2 —%N =0
D(n? 1

2
Lsym C<R2+}.z) 7 (4.18)
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On eliminating §,, B, and B, we find

NY(1 - v2)D re
R ey Ll U 2)D Nlig, (4.19)
D+ TS von

or we then obtain

_(m*+n?D m* N
N=— gyl "¢ (4.20)
(ii) Mixed formulation II
In this case we choose
Cv
M, = i Vet R % dx
M,,=UJ+NW+CJ Wd9d9+Cju,d0 4.21)
1/1
and for the stress functions and the displacement, we write
u,=f,cosixsinnf, U = p,cos ix sinn 6,
Uy = P, sin Ax cos nf, V = fsin ix cos nb,
W = B, sin Ax sin 8 (4.22)

I1%,,, becomes

2nRL n? 1 n
I, = T{g[lzﬂlz + Pﬂzz - Fﬂ;z + ZVZEﬂlﬂz

1—v

n? n
- + (’R—zﬂlz + Z‘E)-ﬂnﬂz + }-zﬂzz)] ‘N—ﬁs

1 n Cv \? C C \?
-m-*[(“_ﬁﬂ’*'ﬁﬂ') +(‘Aﬂ4+Nﬂ3"’T§ﬂ3+;’—ﬂ2>

Cc
—2"(—%55*'%31)-(—lﬂn‘f'gﬂz‘*'Nﬂz—;"z 3)

2

+2(1+v)+ %(%m + }.ﬂ,) :l} (4.23)
From the extremisation of this functional we obtain
e v’)ncuw—z-";) (2)’ (a-vpcl3n + e %(N-"g) --C;f'.’ Lo ]

ool 50)-5 - o5
(N - 'TC’X” - v‘)D%’,—(N ~§,)] A(N _"5,) - v(N - "f,)%
{ert)

lom -+ 59))
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or
C\? n?
N -3} -v)DL, )
n R wnh C
R* n? +n2(n2+rﬁz)2/’3=(l—v )D‘R-2 N—? By
D+ (1= P
then

(' +ny D m

_ —y2
N="—N "t we+mp! "

)C. (4.25)

Once again we have coincident results from the two procedures since in both cases exact
admissible functions were used in the extremisation.

CONCLUDING COMMENTS

In the foregoing we have introduced two new functionals for buckling analysis of thin
circular cylinders. In the first all equilibrium requirements are satisfied 4 priori and the
system equations emerge as a set of compatibility equations. In this sense we refer to this
procedure as the complementary energy principle, in spite of the fact that the transverse
displacement appears in this functional explicitly. In the second functional the transverse
equilibrium and membrane compatibility equations are satisfied a priori. The
Euler-Lagrange equations of this functional emerge as a set of membrane equilibrium
equations and transverse compatibility equations. These equations are in a sense com-
plementary to those that are obtained from Von Karman’s formulation. However in the
present case the system equations are integrodifferential in form.

The difference in the form of various functionals can be used to advantage in
developing numerical methods of analysis. For instance, in a finite element procedure, the
variables in I1,,,, need only to satisfy C° continuity across element boundaries. It is well
known that to satisfy the more stringent C' continuity explicitly one must employ high
order polynomials. The major drawback of such finite element models is the appearance
of not only the variables but also several orders of their derivatives as model variables.
By contrast IT,,, allows one to use low polynomials as admissible functions for devel-
opment of simple elements.

In finite element developments based on the potential energy functional, the admissible
functions should include all six rigid body modes. This condition is rarely satisfied for
cylindrical shell elements. The availability of alternate functionals implies that such
requirements need not always be satisfied explicitly since they may be satisfied implicitly
via the process of extremisation. Also it is important to note that in various formulations
the errors of approximation will be confined to different sets of equations. Thus in the case
of the potential energy functional all the errors of approximation will be confined to the
equilibrium equations. By contrast in the complementary energy functional there will be
no errors in the equilibrium equations. In this case all the errors are to be found in the
compatibility equations.

Finally one can see that in a complete analysis two sets of variables are of interest. The
first set which appear explicitly in the functional are usually computed relatively accurately.
The sccond sct, which arc often obtained as derivatives of the first, are found to be less
accurate as a consequence of differentiation. Thus in using the potential energy functional
one can anticipate quite accurate results for displacements and less accurate results for the
forces and moments. In the other functionals the primary and derived sets of variables are
different and accordingly one can anticipate differing degrees of accuracies for variables
of interest, from the other functionals.
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